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EQUIVALENCE BETWEEN THE MORITA CATEGORIES OF
E´TALE LIE GROUPOIDS AND OF LOCALLY GROUPLIKE
HOPF ALGEBROIDS
J. KALISˇNIK AND J. MRCˇUN
Abstract. Any e´tale Lie groupoid G is completely determined by its asso-
ciated convolution algebra C∞
c
(G) equipped with the natural Hopf algebroid
structure. We extend this result to the generalized morphisms between e´tale
Lie groupoids: we show that any principal H-bundle P over G is uniquely
determined by the associated C∞
c
(G)-C∞
c
(H)-bimodule C∞
c
(P ) equipped with
the natural coalgebra structure. Furthermore, we prove that the functor C∞
c
gives an equivalence between the Morita category of e´tale Lie groupoids and
the Morita category of locally grouplike Hopf algebroids.
1. Introduction
The ideas and tools of noncommutative geometry have given us an insight into
a large new class of spaces, which seemed unattainable from the point of view of
the classical topology and geometry. Lie groupoids and their convolution algebras
provide models for many such singular spaces, for example orbifolds, spaces of
orbits of Lie group actions and leaf spaces of foliations [4, 5, 9, 16, 17]. A singular
space may, however, be represented by different Lie groupoids which are weakly
equivalent to each other. For example, the foliation groupoids (and in particular
the holonomy groupoids of foliations) may be represented by e´tale Lie groupoids
[7, 17]. It turns out that two Lie groupoids are weakly equivalent if and only
if they are isomorphic in the Morita category of Lie groupoids, the category in
which morphisms are isomorphism classes of principal bundles [8, 10, 15, 18, 19].
We are therefore primarily interested in those algebraic invariants of Lie groupoids
which are functorially defined on the Morita category, thus respecting the weak
equivalence.
The Connes convolution algebra C∞c (G) of smooth functions with compact sup-
port [5, 24] on an e´tale Lie groupoid G is an example of such an invariant. Indeed,
the map C∞c can be extended to a functor from the Morita category of e´tale Lie
groupoids to the Morita category of algebras [19]. More precisely, if G and H
are e´tale Lie groupoids and if P is a principal H-bundle over G, then the space
C∞c (P ) of smooth functions with compact support on P has a natural structure of
a C∞c (G)-C
∞
c (H)-bimodule. Furthermore, the composition of principal bundles is
reflected as the tensor product of the corresponding bimodules.
The convolution algebra C∞c (G) admits an additional structure of a coalgebra
over the commutative ring C∞c (M) of smooth functions with compact support on
the base manifold M of objects of G, which turns C∞c (G) into a Hopf algebroid
over C∞c (M) [20, 22]. Moreover, the C
∞
c (G)-C
∞
c (H)-bimodule C
∞
c (P ) has a natural
coalgebra structure over C∞c (M) as well, compatible with the coalgebra structures
on C∞c (G) and C
∞
c (H) in a natural way [20]. The Hopf algebroid structure on C
∞
c (G)
determines the e´tale Lie groupoid G uniquely [22]. In fact, one can reconstruct
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G out of C∞c (G) as the spectral e´tale groupoid associated to the Hopf algebroid
C∞c (G). The Hopf algebroids isomorphic to those associated to e´tale Lie groupoids
can be characterized as those which are locally grouplike (see [22] and Definition
3.1 below).
In this paper we show how to reconstruct a principal H-bundle P over G out of
the associated C∞c (G)-C
∞
c (H)-bimodule C
∞
c (P ) equipped with the natural coalgebra
structure. Moreover, we show that a C∞c (G)-C
∞
c (H)-bimodule M with a C
∞
c (M)-
coalgebra structure is isomorphic to the bimodule C∞c (P ) of a principal H-bundle
P over G if and only ifM is principal and locally grouplike (see Definition 3.2), and
that the principal bundle P is uniquely determined by M up to an isomorphism.
Furthermore, we show that locally grouplike Hopf algebroids and locally grouplike
principal bimodules form a category LgHoALGD, which is equivalent to the Morita
category EtGPD of e´tale Lie groupoids (Theorem 5.1). The equivalence is given by
the functor C∞c : EtGPD→ LgHoALGD.
2. Preliminaries
For the convenience of the reader, and to fix the notations, we begin by summa-
rizing some basic definitions and results that will be used in the rest of this paper.
We shall write F for our base field, which can be R or C. Throughout the paper,
all manifolds and maps between them are assumed to be smooth. This is not es-
sential: the results hold true if one replaces this by any class of differentiability Ck,
k = 0, 1, 2, . . . . The manifolds are not assumed to be Hausdorff.
2.1. Lie groupoids and principal bundles. First, we recall the notion of a Lie
groupoid and the definition of the Morita category of Lie groupoids. For detailed
exposition and many examples, we refer the reader to one of the books [13, 17, 18]
and references cited there.
A Lie groupoid over a Hausdorff manifold M is given by a manifold G and a
structure of a category on G with objects G0 =M , in which all arrows are invertible
and all the structure maps
G×s,tG0 G
mlt
// G
inv
// G
s
//
t
// G0
uni
// G
are smooth, with the source map s a submersion. We allow manifold G to be non-
Hausdorff, but we assume that the fibers of the source map are Hausdorff. If g ∈ G
is any arrow with source s(g) = x and target t(g) = y, and g′ ∈ G is another arrow
with s(g′) = y and t(g′) = y′, then the product g′g = mlt(g′, g) is an arrow from
x to y′. The map uni assigns to each x ∈ G0 the identity arrow 1x = uni(x) in
G, and we often identify G0 with uni(G0). The map inv maps each g ∈ G to its
inverse g−1. We write G(x, y) = s−1(x) ∩ t−1(y).
A left action of a Lie groupoid G on a manifold P along a map π : P → G0 is a
map µ : G×s,piG0 P → P , (g, p) 7→ g ·p, which satisfies π(g ·p) = t(g), 1pi(p) ·p = p and
g′ · (g · p) = (g′g) · p, for all g′, g ∈ G and p ∈ P with s(g′) = t(g) and s(g) = π(p).
We define right actions of Lie groupoids on manifolds in a similar way.
Let G and H be Lie groupoids. A principal H-bundle over G is a manifold P ,
equipped with a left action µ of G along a surjective submersion π : P → G0 and
a right action η of H along φ : P → H0, such that φ(g · p) = φ(p), π(p · h) = π(p)
and g · (p · h) = (g · p) · h for every g ∈ G, p ∈ P and h ∈ H with s(g) = π(p) and
φ(p) = t(h), and such that (pr1, η) : P ×
φ,t
H0
H → P ×pi,piG0 P is a diffeomorphism.
A map f : P → P ′ between principal H-bundles P and P ′ over G is equivariant
if it satisfies π′(f(p)) = π(p), φ′(f(p)) = φ(p) and f(g · p · h) = g · f(p) · h, for
every g ∈ G, p ∈ P and h ∈ H with s(g) = π(p) and φ(p) = t(h). Any such
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map is automatically a diffeomorphism. Principal H-bundles P and P ′ over G are
isomorphic if there exists an equivariant diffeomorphism between them.
If P is a principal H-bundle over G and P ′ is a principal K-bundle over H , for
another Lie groupoid K, one can construct the principal K-bundle P ⊗H P
′ over G
[18, 19]. It is the space of orbits (P ×φ,pi
′
H0
P ′)/H with respect to the natural action
of H along φ ◦ pr1 given by (p, p
′) · h = (p · h, h−1 · p′). The actions of G and K on
P ⊗H P ′ along π ⊗ π′ : p⊗ p′ 7→ π(p) respectively φ⊗ φ′ : p⊗ p′ 7→ φ′(p′) are given
by g · (p⊗ p′) = (g · p)⊗ p′ and (p⊗ p′) · k = p⊗ (p′ · k), where p⊗ p′ denotes the
orbit of (p, p′) in P ⊗H P
′.
As an example, any Lie groupoid G can be seen as a principal G-bundle over G
with the actions given by the groupoid multiplication along the maps t respectively
s. This bundle behaves as the identity for the tensor product, up to an isomorphism.
The Morita category GPD of Lie groupoids consists of Lie groupoids as objects
and isomorphism classes of principal bundles as morphisms between them: a prin-
cipal H-bundle over G represents a morphism from G to H , while the composition
of morphisms is induced by the tensor product. The morphisms in GPD are some-
times referred to as Hilsum-Skandalis maps or generalised morphisms between Lie
groupoids. Two Lie groupoids are Morita equivalent if they are isomorphic in the
category GPD.
A Lie groupoid is e´tale if all its structure maps are local diffeomorphisms. A
bisection of an e´tale Lie groupoidG is an open subset U of G such that both s|U and
t|U are injective. Any such bisection U gives a diffeomorphism τU : s(U)→ t(U) by
τU = t|U ◦ (s|U )−1.
The Morita category EtGPD of e´tale Lie groupoids is the full subcategory of
GPD with e´tale Lie groupoids as objects. If G and H are e´tale Lie groupoids
and P a principal H-bundle over G, then the corresponding map π : P → G0 is
automatically a local diffeomorphism.
2.2. The bimodule associated to a principal bundle. In this subsection we
review the construction of the principal bimodule assigned to a principal bundle.
Our exposition closely follows [19], where all the work is done in the Hausdorff
setting. It turns out that essentially the same ideas also work in the non-Hausdorff
case if we use the proper notion of a smooth function with compact support.
We first recall the definition of a smooth function with compact support on a
non-Hausdorff manifold as given in [6]. Let P be a manifold and let C∞P denote
the sheaf of germs of smooth F-valued functions on P . The stalk of this sheaf at
a point p ∈ P is a commutative algebra with identity. If P is Hausdorff, we can
identify (compactly supported) smooth functions on P with (compactly supported)
continuous sections of C∞P , and we denote the commutative algebra of compactly
supported smooth F-valued functions on P by C∞c (P ). For a general P , we consider
the space Γδ(P, C∞P ) of not-necessarily continuous sections of the sheaf C
∞
P . For any
Hausdorff open subset U ⊂ P there is a monomorphism C∞c (U)→ Γδ(P, C
∞
P ), which
maps f ∈ C∞c (U) to the extension of f to P by zero. The vector space C
∞
c (P ) of
smooth functions with compact support on P is by definition the image of the map⊕
U C
∞
c (U) → Γδ(P, C
∞
P ), where U runs over all (or a cover of) Hausdorff open
subsets of P . This definition agrees with the classical one if P is Hausdorff. We
will denote the extension of f ∈ C∞c (U) to P again by f ∈ C
∞
c (P ), and identify the
space C∞c (U) with its image in C
∞
c (P ).
For any f ∈ C∞c (P ) we define the support of f by supp(f) = {p ∈ P | fp 6= 0},
where fp is the value of the section f at the point p. So defined support agrees with
the classical one in the Hausdorff case, and is a compact set, although not closed
in general. Every f ∈ C∞c (P ) with support in some Hausdorff open subset U ⊂ P
can be identified with f ∈ C∞c (U). We will often work with smooth functions on
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the total space P of a local diffeomorphism π : P → M into a Hausdorff manifold
M . In this case, we say that U ⊂ P is π-elementary if π|U is injective. The
open π-elementary subsets of P are Hausdorff and together they cover P . We have
a natural identification C∞c (U)
∼= C∞c (π(U)), for every π-elementary open subset
U ⊂ P , identifying f0 ∈ C∞c (π(U)) with f = f0 ◦ π|U ∈ C
∞
c (U) ⊂ C
∞
c (P ).
Let ψ : P → P ′ be a smooth map. For any p ∈ P we have a homomorphism
of algebras ψ∗p : (C
∞
P ′)ψ(p) → (C
∞
P )p given by the composition with ψ. If ψ is a
local diffeomorphism, this homomorphism has the inverse ψ∗p = (ψ
∗
p)
−1, and we
can define a linear map ψ+ : C∞c (P )→ C
∞
c (P
′) by
ψ+(f)p′ =
∑
p∈ψ−1(p′)
ψ∗p(fp) .
In this way C∞c becomes a functor from the category of smooth manifolds and local
diffeomorphisms between them to the category of vector spaces.
We can use this definition of smooth functions with compact support to construct
the bimodule associated to a principal bundle over e´tale Lie groupoids [19]. Let P
be a principal H-bundle over G and let P ′ be a principal K-bundle over H , where
G, H and K are e´tale Lie groupoids. Define a bilinear map
ρ = ρP,P ′ : C
∞
c (P )× C
∞
c (P
′)→ C∞c (P ×
φ,pi′
H0
P ′)
by
ρ(f, f ′)(p,p′) = (pr
∗
1)(p,p′)(fp) (pr
∗
2)(p,p′)(f
′
p′) ,
where pr1 and pr2 are the projections from P ×H0 P
′ to P respectively P ′. To show
that ρ(f, f ′) is indeed a smooth function with compact support on P ×H0 P
′, we
can assume that f ∈ C∞c (U) and f
′ ∈ C∞c (U
′), where U is a π-elementary open
subset of P and U ′ a π′-elementary open subset of P ′. The support of ρ(f, f ′) is
then contained in the Hausdorff pr1-elementary open subset U ×H0 U
′ of P ×H0 P
′,
and
(1) ρ(f, f ′)|U×H0U ′ = (f(f
′
0 ◦ φ)) ◦ pr1|U×H0U ′ ,
where f ′0 ∈ C
∞
c (π
′(U ′)) is such that f ′ = f ′0 ◦ π
′|U ′ . The support S = supp(f) ∩
φ−1(supp(f ′0)) of the function f(f
′
0 ◦ φ) ∈ C
∞
c (U) is compact and lies in the set
pr1(U ×H0 U
′) = U ∩ φ−1(π′(U ′)). Indeed, since supp(f ′0) is compact in the Haus-
dorff manifold H0, it is closed, so φ
−1(supp(f ′0)) is closed as well. The set S is then
a closed subspace of the compact space supp(f) and therefore compact. This shows
that ρ(f, f ′) is a smooth function with compact support inside U ×H0 U
′.
Define the map
℘ = ℘P,P ′ = q+ ◦ ρ : C
∞
c (P )× C
∞
c (P
′)→ C∞c (P ⊗H P
′) ,
where q is the quotient projection P ×H0 P
′ → P ⊗H P ′, which is in fact a local
diffeomorphism. If we choose f ∈ C∞c (U) and f
′ ∈ C∞c (U
′) as in the equation (1),
the function ℘(f, f ′) has the support in U ⊗H U ′ = q(U ×H0 U
′) and is given by
℘(f, f ′) = (f(f ′0 ◦ φ)) ◦ ((π|U )
−1
◦ (π ⊗ π′)|U⊗HU ′) .
Now choose another e´tale Lie groupoid L and a principal L-bundle P ′′ over
K, and observe that there is a natural diffeomorphism from (P ⊗H P ′) ⊗K P ′′ to
P ⊗H (P ′ ⊗K P ′′) which maps (p ⊗ p′) ⊗ p′′ to p ⊗ (p′ ⊗ p′′). Straight from the
definition one can see that for any f ∈ C∞c (P ), f
′ ∈ C∞c (P
′) and f ′′ ∈ C∞c (P
′′) we
have the associativity law
℘(℘(f, f ′), f ′′) = ℘(f, ℘(f ′, f ′′)) ,
using the natural identification C∞c ((P ⊗H P
′)⊗K P ′′) ∼= C∞c (P ⊗H (P
′ ⊗K P ′′)).
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The equivariant diffeomorphisms θG,G : G ⊗G G → G, θG,P : G ⊗G P → P
and θP,H : P ⊗H H → P , given by θG,G(g′ ⊗ g) = g′g, θG,P (g ⊗ p) = g · p and
θP,H(p, h) = p · h, induce the action maps
λG,G = (θG,G)+ ◦ ℘ : C
∞
c (G) × C
∞
c (G)→ C
∞
c (G) ,
λG,P = (θG,P )+ ◦ ℘ : C
∞
c (G) × C
∞
c (P )→ C
∞
c (P )
and
λP,H = (θP,H)+ ◦ ℘ : C
∞
c (P )× C
∞
c (H)→ C
∞
c (P ) .
The map λG,G is precisely the convolution product on the algebra C
∞
c (G) [5, 6,
19, 22]. Furthermore, the maps λG,P and λP,H turn C∞c (P ) into a C
∞
c (G)-C
∞
c (H)-
bimodule [19]. Explicitly, choose a function f ∈ C∞c (P ) with support in a π-
elementary open set U ⊂ P , and functions u ∈ C∞c (G) and v ∈ C
∞
c (H) with
supports in bisections Uu ⊂ G respectively Uv ⊂ H . Write f = f0◦π|U , u = u0◦t|Uu
and v = v0 ◦ t|Uv for f0 ∈ C
∞
c (π(U)), u0 ∈ C
∞
c (t(Uu)) and v0 ∈ C
∞
c (t(Uv)). Then
(2) uf = (u0(f0 ◦ τ
−1
Uu
)) ◦ π|µ(Uu×G0U)
and
(3) fv = (f0(v0 ◦ φ ◦ (π|U )
−1)) ◦ π|η(U×H0Uv) .
Now choose a principal H-bundle P over G and a principal K-bundle P ′ over
H , and interpret H as a principal H-bundle over H . For f ∈ C∞c (P ), f
′ ∈ C∞c (P
′)
and v ∈ C∞c (H) we have
℘(fv, f ′) = ℘(℘(f, v), f ′) = ℘(f, ℘(v, f ′)) = ℘(f, vf ′) ∈ C∞c (P ⊗H P
′) ,
where we have identified fv ∈ C∞c (P ) with ℘(f, v) ∈ C
∞
c (P⊗HH) and vf
′ ∈ C∞c (P
′)
with ℘(v, f ′) ∈ C∞c (H ⊗H P
′). The map ℘ thus induces a homomorphism
Ω = ΩP,P ′ : C
∞
c (P )⊗C∞c (H) C
∞
c (P
′)→ C∞c (P ⊗H P
′)
of C∞c (G)-C
∞
c (K)-bimodules, which is in fact an isomorphism. Indeed, this has
been proven in [19] in the Hausdorff case, but literally the same proof applies in
the general case as well.
2.3. Principal bimodules over Hopf algebroids. Next, we review the notions
of a Hopf algebroid and of a principal bimodule over Hopf algebroids, following
[20, 22]. Throughout this paper, we will assume that all our algebras are over the
field F and that they are associative, but not necessarily commutative. Recall that
an algebra A has local identities in a commutative subalgebra A0 ⊂ A if for any
a1, . . . , ak ∈ A there exists a0 ∈ A0 such that a0ai = aia0 = ai for all i = 1, . . . , k.
A commutative algebra has local identities if it has local identities in itself. A
left module M over a commutative algebra A0 with local identities is locally A0-
unitary if for any m1, . . . ,mk ∈ M there exists a0 ∈ A0 such that a0mi = mi for
all i = 1, . . . , k. Analogously one defines the notions of a right locally B0-unitary
B0-module and of a locally A0-B0-unitary A0-B0-bimodule, for any commutative
algebras A0 and B0 with local identities. In particular, if A is an algebra with
local identities in a commutative subalgebra A0 ⊂ A, then A is an A0-A0-unitary
A-A-bimodule. In this case we shall write A ⊗rlA0 A for the tensor product of two
copies of A with respect to the right action of A0 on the first factor and the left
action of A0 on the second factor, while the notation A ⊗llA0 A will stand for the
tensor product taken with respect to the left action of A0 on both factors.
Suppose that A0 is a commutative algebra with local identities. Recall that
a left A0-coalgebra is a left A0-unitary module C, together with A0-linear maps
∆: C → C⊗A0C (comultiplication) and ǫ : C → A0 (counit) such that (ǫ⊗ id)◦∆ =
id, (id ⊗ ǫ) ◦ ∆ = id and (∆ ⊗ id) ◦ ∆ = (id ◦ ∆) ◦ ∆ (coassociativity). We do
not assume here that our coalgebras are necessarily cocommutative, although our
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examples will be such. A homomorphism θ : C → C′ of left A0-coalgebras is
a homomorphism of left A0-modules that respects the coalgebra structures, i.e.
ǫ = ǫ′ ◦ θ and (θ ⊗ θ) ◦∆ = ∆′ ◦ θ.
An A0-bialgebroid is an algebra A such that A0 is a commutative subalgebra of
A in which A has local identities, together with a structure of a left A0-coalgebra
on A such that
(i) ǫ|A0 = id, ∆|A0 is the canonical embedding A0 ⊂ A ⊗
ll
A0
A and the two
right actions of A0 on A⊗llA0 A coincide on ∆(A),
(ii) ǫ(ab) = ǫ(aǫ(b)) and
(iii) ∆(ab) = ∆(a)∆(b)
for any a, b ∈ A. Note that by (i), the product of A induces the componentwise
product ∆(A)⊗ (A⊗llA0 A)→ A⊗
ll
A0
A, which is used in (iii). The comultiplication
in an A0-bialgebroid A is also a homomorphism of right A0-modules with respect
to any of the right A0-actions on A ⊗llA0 A, and it induces a homomorphism of
left A0-modules ∆ : A ⊗rlA0 A → A ⊗
ll
A0
A by ∆(a ⊗ b) = ∆(a)(a0 ⊗ b), where a0
is any element of A0 with a0b = b. An A0-bialgebroid A is principal if ∆ is an
isomorphism. A homomorphism between A0-bialgebroids is a homomorphism of
algebras which is also a homomorphism of left A0-coalgebras.
A Hopf A0-algebroid is an A0-bialgebroid A, together with an F-linear involution
S : A→ A (antipode) such that S|A0 = id, S(ab) = S(b)S(a) for any a, b ∈ A, and
µA ◦ (S ⊗ id) ◦ ∆ = ǫ ◦ S, where µA : A ⊗rlA0 A → A denotes the multiplication.
(This definition is slightly stronger than the definition of a Hopf algebroid over A0
given in [22], while the notion of a principal Hopf algebroid is slightly weaker than
that of an e´tale Hopf algebroid given in [20]. Similar notions have been studied
in [12, 14, 25, 26] and more recently in [1, 2, 3, 11].) A homomorphism between
Hopf A0-algebroids is a homomorphism of A0-bialgebroids which intertwines the
antipodes.
Example 2.1. (1) For any sheaf π : P → M over a Hausdorff manifold M , the
space C∞c (P ) has a natural structure of a left C
∞
c (M)-coalgebra [21, 23]. The
algebra C∞c (M) acts on the space C
∞
c (P ) by (u0f)p = π
∗
p((u0)pi(p))fp, for any u0 ∈
C∞c (M) and f ∈ C
∞
c (P ). The comultiplication on C
∞
c (P ) is given by ∆ = Ω
−1
pi,pi ◦
diag+, where diag : P → P ×M P is the diagonal map and Ωpi,pi : C
∞
c (P ) ⊗C∞c (M)
C∞c (P ) → C
∞
c (P ×M P ) is the natural isomorphism given by Ωpi,pi(f ⊗ f
′)(p,p′) =
(pr1)
∗
(p,p′)(fp)(pr2)
∗
(p,p′)(fp′) [21, 23]. The counit is ǫ = π+. Explicitly, if U ⊂ P is
a π-elementary open subset, f0 ∈ C∞c (π(U)) and u0 ∈ C
∞
c (M), then
u0(f0 ◦ π|U ) = (u0f0) ◦ π|U ,
∆(f0 ◦ π|U ) = (f0 ◦ π|U )⊗ (u
′
0 ◦ π|U ) = (u
′
0 ◦ π|U )⊗ (f0 ◦ π|U )
and
ǫ(f0 ◦ π|U ) = f0 ,
where u′0 ∈ C
∞
c (π(U)) is any function which satisfies u
′
0f0 = f0.
In particular, the convolution algebra C∞c (G) of an e´tale Lie groupoid G has
a natural structure of a left C∞c (G0)-coalgebra, induced by the target map. The
antipode S = inv+ : C∞c (G)→ C
∞
c (G) turns C
∞
c (G) into a principal Hopf C
∞
c (G0)-
algebroid [22].
(2) Any commutative algebra A0 with local identities is a principal Hopf A0-
algebroid in the trivial way.
Suppose that A is an A0-bialgebroid and that B is a B0-bialgebroid. A preprin-
cipal A-B-bimodule is a locally A0-B0-unitary A-B-bimodule M such that
(i) the two right B0-module structures on M⊗A0 M coincide on ∆(M),
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(ii) ǫ(mb) = ǫ(mǫ(b)) and ǫ(am) = ǫ(aǫ(m)),
(iii) ∆(am) = ∆(a)∆(m) and ∆(mb) = ∆(m)∆(b)
for any a ∈ A, b ∈ B and m ∈ M. The bimodule structure of a preprincipal A-B-
bimoduleM induces the componentwise products ∆(A)⊗(M⊗A0M)→M⊗A0M
and ∆(M)⊗ (B⊗llB0 B)→M⊗A0 M. The existence of these two partially defined
products gives the meaning to the condition (iii) in the definition, which also implies
that ∆ is right B0-linear. The comultiplication in M induces a homomorphism of
A0-B-bimodules ∆:M⊗B0B →M⊗A0M by ∆(m⊗b) = ∆(m)(b0⊗b), where b0 is
any element of B0 such that b0b = b. A principal A-B-bimodule is a preprincipal A-
B-bimoduleM such that ǫ is surjective and ∆ is an isomorphism. A homomorphism
of preprincipal A-B-bimodules is a homomorphism of A-B-bimodules which is also
a homomorphism of left A0-coalgebras.
Note that a preprincipal A-B-bimodule is in particular a preprincipal A0-B-
bimodule as well as a preprincipal A-B0-bimodule. If M is a principal A-B-
bimodule, then it is also a principal A0-B-bimodule. Furthermore, any A0-bialge-
broid A is also a preprincipal A-A-bimodule, which is principal if and only if A is
principal as an A0-bialgebroid.
Let M be a preprincipal A-B-bimodule and let N be a preprincipal B-C-
bimodule, for a C0-bialgebroid C. There is a natural structure of a preprincipal
A-C-bimodule on the tensor product M⊗B N given by
∆(m⊗ n) =
∑
i,j
(m′i ⊗ n
′
j)⊗ (m
′′
i ⊗ n
′′
j )
and
ǫ(m⊗ n) = ǫ(mǫ(n)) ,
for any m⊗ n ∈ M⊗B N with ∆(m) =
∑
im
′
i ⊗m
′′
i and ∆(n) =
∑
j n
′
j ⊗ n
′′
j [20].
If B,M and N are all principal, thenM⊗BN is principal as well; this was proved
in [20] in the cocommutative case, however the cocommutativity assumption was
not used in the proof.
We shall denote by BiALGD the Morita category of bialgebroids: objects of
BiALGD are pairs (A,A0), where A is an A0-bialgebroid, a morphism from (A,A0)
to (B,B0) in the category BiALGD is an isomorphism class of preprincipal A-B-
bimodules, while the composition is induced by the tensor product. The principal
bialgebroids and the principal bimodules form a subcategory PrBiALGD of BiALGD.
Similarly, we have the Morita categoryHoALGD of Hopf algebroids and isomorphism
classes of preprincipal bimodules as morphisms between them, as well as its subcat-
egory PrHoALGD of principal Hopf algebroids and isomorphism classes of principal
bimodules.
A smooth bialgebroid is a pair (A,M), whereM is a smooth Hausdorff manifold
and A is a C∞c (M)-bialgebroid. We have the Morita category BiALGD
∞ of smooth
bialgebroids, in which a morphism from (A,M) to (B,N) is an isomorphism class of
preprincipal A-B-bimodules, and the composition is induced by the tensor product.
The principal smooth bialgebroids and the principal bimodules form a subcategory
PrBiALGD∞ of BiALGD∞. The natural functor BiALGD∞ → BiALGD, which maps
(A,M) to (A, C∞c (M)), is therefore fully-faithful, and the same is true for its re-
striction PrBiALGD∞ → PrBiALGD. Note that if A is an A0-bialgebroid and if
A0 ∼= C∞c (M) for a Hausdorff manifold M , then M is in fact determined uniquely
up to a canonical diffeomorphism: any isomorphism C∞c (M)
∼= C∞c (N) is induced
by a unique diffeomorphism between M and N . Moreover, the set M can be in
this case identified with the set Aˆ0 of surjective multiplicative functionals on A0, so
there is a natural structure of a smooth manifold on Aˆ0 such that A0 and C∞c (Aˆ0)
are canonically isomorphic.
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Analogously, we have the Morita category HoALGD∞ of smooth Hopf algebroids
and isomorphism classes of preprincipal bimodules as morphisms between them,
and also its subcategory PrHoALGD∞ of principal smooth Hopf algebroids and
isomorphism classes of principal bimodules. The natural functors HoALGD∞ →
HoALGD and PrHoALGD∞ → PrHoALGD are fully-faithful.
Example 2.2. (1) Let G and H be e´tale Lie groupoids and let P be a principal
H-bundle over G. The C∞c (G)-C
∞
c (H)-bimodule C
∞
c (P ) (Subsection 2.2) carries a
natural structure of a principal C∞c (G)-C
∞
c (H)-bimodule [20]. Indeed, the coalgebra
structure of P is given by the sheaf π : P → G0 (Example 2.1 (1)), while the
principalness follows because ∆ is induced by the diffeomorphism (pr1, η) : P ×
φ,t
H0
H → P ×pi,piG0 P . Indeed, we have C
∞
c (P )⊗C∞c (G0) C
∞
c (P )
∼= C∞c (P ×G0 P ) (Example
2.1 (1)). Furthermore, with the methods of the proof of [19, Theorem 2.4], one can
easily show that we also have an isomorphism C∞c (P )⊗C∞c (H0) C
∞
c (H)
∼= C∞c (P ×H0
H) induced by the map ρP,H given in Subsection 2.2.
The isomorphism Ω, described in Subsection 2.2, respects the coalgebra structure
and is therefore an isomorphism of principal bimodules. To sum up, we have a
functor
C∞c : EtGPD→ PrHoALGD
∞ ,
which maps an e´tale Lie groupoid G to the associated principal smooth Hopf alge-
broid (C∞c (G), G0) and an isomorphism class of a principal H-bundle P over G to
the isomorphism class of the principal C∞c (G)-C
∞
c (H)-bimodule C
∞
c (P ).
(2) Let x be a point of a Hausdorff manifold M . We have the quotient epimor-
phism of commutative algebras C∞c (M)→ (C
∞
M )x, mapping a function f ∈ C
∞
c (M)
to its germ at x. With respect to this epimorphism, the space (C∞M )x has a nat-
ural structure of a principal (C∞M )x-C
∞
c (M)-bimodule. Thus, if A is a C
∞
c (M)-
bialgebroid, if B is a B0-bialgebroid and ifM a (pre)principal A-B-bimodule, then
(C∞M )x ⊗C∞c (M)M is a (pre)principal (C
∞
M )x-B-bimodule.
3. The Morita category of locally grouplike Hopf algebroids
3.1. Locally grouplike Hopf algebroids. Suppose that C = (C,∆, ǫ) is a left
C∞c (M)-coalgebra, for a Hausdorff manifold M . Choose a point x ∈ M and write
C∞c (M)x = (C
∞
M )x. There is the associated local left C
∞
c (M)x-coalgebra (Cx,∆x, ǫx)
at x [21, 23], given as the quotient Cx = C/Nx(C) with respect to the left C
∞
c (M)-
submodule
Nx(C) = {c ∈ C | f0c = 0 for some f0 ∈ C
∞
c (M) with (f0)x = 1}
of C, and with the induced coalgebra structure. The equivalence class of an element
c ∈ C in Cx will be denoted by cx. Note that we have a natural isomorphism of
left C∞c (M)x-modules Cx
∼= C∞c (M)x ⊗C∞c (M) C.
An element c ∈ C is weakly grouplike [21, 23] if there exists c′ ∈ C such that
∆(c) = c ⊗ c′. We denote by Gw(C) the set of weakly grouplike elements of
C. We may also consider the set G(Cx) = {ζ ∈ Cx |∆x(ζ) = ζ ⊗ ζ, ǫx(ζ) = 1}
of grouplike elements of the coalgebra Cx. The connection between the weakly
grouplike elements of C and the grouplike elements of Cx is as follows: every
c ∈ Gw(C), which is normalised at x (i.e. ǫ(c)x = 1), projects to a grouplike
element cx ∈ G(Cx). Conversely, any ζ ∈ G(Cx) can be written as ζ = cx for some
c ∈ Gw(C) normalised at x [21, 23].
A weakly grouplike element a of a Hopf C∞c (M)-algebroid A is S-invariant if
there exists a′ ∈ A such that ∆(a) = a ⊗ a′ and ∆(S(a)) = S(a′) ⊗ S(a). Write
GSw(A) for the set of S-invariant weakly grouplike elements of A. The set of arrows
of A with target y ∈M is given by GS(Ay) = {ay | a ∈ GSw(A), ǫ(a)y = 1} ⊂ G(Ay).
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For example, the weakly grouplike elements of the left C∞c (M)-coalgebra C
∞
c (P )
of a sheaf π : P → M are precisely the functions on P with compact support in a
π-elementary open subset of P [21, 23]. Similarly, the S-invariant weakly grouplike
elements of the Hopf algebroid C∞c (G), associated to an e´tale Lie groupoid G, are
the functions on G with compact support in a bisection of G [22].
Definition 3.1. A locally grouplike Hopf algebroid is a smooth Hopf algebroid
(A,M) such that the C∞c (M)y-module Ay is freely generated by the set of arrows
GS(Ay) with target y, for every y ∈M .
The smooth Hopf algebroid (C∞c (G), G0) of an e´tale Lie groupoid G is an ex-
ample of a locally grouplike Hopf algebroid. In fact, the converse is true as well:
For any locally grouplike Hopf algebroid (A,M) there exists a spectral e´tale Lie
groupoid Gsp(A) over M such that C∞c (Gsp(A))
∼= A [22]. Indeed, a smooth Hopf
algebroid (A,M) is locally grouplike if and only if the S-invariant weakly grouplike
elements normally generate A and are normally linearly independent. In particu-
lar, any locally grouplike Hopf algebroid (A,M) is cocommutative and principal;
furthermore, it satisfies (S ⊗ id) ◦∆ ◦ (S ⊗ id) ◦∆ = id and G(Ay) = GS(Ay), for
any y ∈M .
Definition 3.2. Let (A,M) and (B,N) be locally grouplike Hopf algebroids. A
principal A-B-bimodule M is locally grouplike if the set of grouplike elements
G(Mx) freely generates the C∞c (M)x-module Mx, for every x ∈M .
For locally grouplike Hopf algebroids (A,M) and (B,N), a principal A-B-bi-
module M is locally grouplike if and only if the weakly grouplike elements of M
normally generate M and are normally linearly independent [21, 23]. This implies
that locally grouplike principal bimodules are cocommutative.
The principal bimodules associated to principal bundles are locally grouplike
[21, 23], and are in fact the only examples of locally grouplike principal bimodules,
up to an isomorphism. We will show (see Theorem 5.1) that locally grouplike Hopf
algebroids and locally grouplike principal bimodules form a subcategory LgHoALGD
of PrHoALGD∞. Moreover, we will prove that the category LgHoALGD is equivalent
to the Morita category EtGPD of e´tale Lie groupoids; an explicit equivalence is given
by the functor C∞c : EtGPD→ LgHoALGD.
3.2. The moment map. LetM andN be Hausdorff manifolds, let A be a C∞c (M)-
bialgebroid and let B be a C∞c (N)-bialgebroid. Suppose that M is a preprincipal
A-B-bimodule. The bimodule M is in particular a left C∞c (M)-coalgebra, hence
there is the associated spectral sheaf
π = πsp : Esp(M)→M
(see [21, 23]). Its stalk Esp(M)x over a point x is by definition the set G(Mx),
while the topology on Esp(M) is given by the basis of π-elementary open subsets
mW = {mx ∈ G(Mx) |x ∈ W}, whereW is any open subset ofM andm ∈ Gw(M)
any weakly grouplike element normalised on W (i.e. ǫ(m)|W = 1).
Suppose that m ∈ Gw(M) is normalised on an open subset W of M . Define a
linear map TW,m : C
∞
c (N)→ C
∞(W ) by
TW,m(v0) = ǫ(mv0)|W .
This map is a homomorphism of algebras. To see this, choose m′ ∈ M with
∆(m) = m ⊗ m′. Note that m = ǫ(m)m′. Since ∆ is a homomorphism of right
C∞c (N)-modules and the two right C
∞
c (N)-actions on ∆(M) coincide, we have
∆(mv0) = mv0 ⊗m′ for any v0 ∈ C∞c (N), thus in particular mv0 ∈ Gw(M) and
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mv0 = ǫ(m
′v0)m. Now the statement follows from the equalities
TW,m(v0v
′
0) = ǫ(mv0v
′
0)|W
= ǫ(ǫ(m′v0)mv
′
0)|W
= ǫ(m′v0)|W ǫ(mv
′
0)|W (ǫ is C
∞
c (M)-linear)
= ǫ(m)|W ǫ(m
′v0)|W ǫ(mv
′
0)|W (ǫ(m)|W = 1)
= ǫ(ǫ(m)m′v0)|W ǫ(mv
′
0)|W (ǫ is C
∞
c (M)-linear)
= ǫ(mv0)|W ǫ(mv
′
0)|W (m = ǫ(m)m
′)
= TW,m(v0)TW,m(v
′
0) ,
for any v0, v
′
0 ∈ C
∞
c (N).
Now pick x ∈ W and define a map T xW,m : C
∞
c (N)→ F by
T xW,m(v0) = TW,m(v0)(x) .
This map is a nontrivial (because M is locally unitary) multiplicative linear func-
tional on the algebra C∞c (N), and therefore given by the evaluation at a unique
point z = φW,m(x) ∈ N . Since this is true for any x ∈W , we have the map
φW,m :W → N ,
uniquely determined by the property that
(4) ǫ(mv0)(x) = v0(φW,m(x))
for any v0 ∈ C∞c (N).
Recall that Mx = C∞c (M)x ⊗C∞c (M) M is a preprincipal C
∞
c (M)x-B-bimodule,
for any x ∈ M . Combining the equation (4) with the equalities mv0 = ǫ(m′v0)m
and ǫ(m′v0)|W = ǫ(mv0)|W (the last follows fromm = ǫ(m)m′), we get the equality
(5) (v0 ◦ φW,m)xmx = mxv0 ,
which holds for any x ∈ W and any v0 ∈ C∞c (N).
Choose x0 ∈W and real functions ψ1, . . . , ψk ∈ C∞c (N) such that (ψ1, . . . , ψk)|U :
U → Rk is a local chart on an open neighbourhood U of the point z0 = φW,m(x0) in
N . For each i = 1, . . . , k and any x ∈ W we have (ψi ◦φW,m)(x) = ǫ(mψi)(x), which
shows that ψi ◦φW,m is a smooth function on W . From this we conclude that φW,m
is smooth on a neighbourhood of any point x0 ∈ W . Using the diffeomorphism
π|mW : mW →W we get a smooth map
φmW ,m = φW,m ◦ π|mW : mW → N .
Suppose that n is another element of Gw(M), normalised on an open subset V
of M , such that mW ∩ nV 6= ∅. Choose any point mx = nx ∈ mW ∩ nV , for any
x ∈ V ∩W . By definition, this means that there exists u0 ∈ C
∞
c (M) such that
(u0)x = 1 and u0m = u0n. We can find an open neighbourhood U ⊂ V ∩W of x
such that u0|U = 1. We have mx′ = (u0m)x′ = (u0n)x′ = nx′ for all x′ ∈ U and
consequently mU = nU . We will show that the maps φmW ,m and φnV ,n agree on
the set mU = nU . Indeed, for any x
′ ∈ U and any v0 ∈ C∞c (N) we have
ǫ(mv0)x′ = ǫx′(mx′v0) = ǫx′(nx′v0) = ǫ(nv0)x′ ,
which implies v0(φW,m(x
′)) = v0(φV,n(x
′)). Since v0 ∈ C∞c (N) was arbitrary and
since the algebra C∞c (N) separates the points of N , we conclude that the maps
φW,m and φV,n agree on U . The same is then true for the maps φmW ,m and φnV ,n
on the set mU = nU . Gluing together these locally defined maps we get a globally
defined smooth map
φ : Esp(M)→ N ,
the moment map of the preprincipal A-B-bimodule M.
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For any p ∈ G(Mx) we define the effect germ φpip = φp ◦ (πp)
−1 of p, which is the
germ at x of a map (M,x)→ (N,φ(p)). The equation (5) yields
((v0)φ(p) ◦ φ
pi
p )p = pv0
for any v0 ∈ C∞c (N). In particular, this equation shows that the left C
∞
c (M)x-
submodule
Mpx = C
∞
c (M)xp ⊂Mx
is also a right C∞c (N)-submodule ofMx. Moreover, the right C
∞
c (N)-action onM
p
x
induces a right C∞c (N)φ(p)-action, soM
p
x is in fact a C
∞
c (M)x-C
∞
c (N)φ(p)-bimodule.
3.3. Tensor product of locally grouplike principal bimodules. Let (A,M),
(B,N) and (C,N ′) be locally grouplike Hopf algebroids, letM be a locally grouplike
principal A-B-bimodule and let N be a locally grouplike principal B-C-bimodule.
Write A0 = C∞c (M) and B0 = C
∞
c (N). We know that M⊗B N is a principal A-C-
bimodule. Furthermore, since M is also a preprincipal A-B0-bimodule and N is a
principal B0-C-bimodule, it follows thatM⊗B0N is a preprincipal A-C-bimodule.
Take any x ∈M . Since (A0)x is a principal Hopf (A0)x-algebroid and also a prin-
cipal (A0)x-A0-bimodule (Example 2.2 (2)), we have an isomorphism of preprincipal
(A0)x-C-bimodules
(M⊗B0 N )x ∼= (A0)x ⊗A0 M⊗B0 N ∼=Mx ⊗B0 N
and an isomorphism of principal (A0)x-C-bimodules
(M⊗B N )x ∼= (A0)x ⊗A0 M⊗B N
∼=Mx ⊗B N .
Furthermore, the local coalgebra (M⊗A0 M)x of the product coalgebraM⊗A0 M
is simply the product coalgebraMx⊗(A0)xMx =Mx⊗A0Mx over (A0)x (see also
[21, Proposition 2.1] and [23]).
Lemma 3.3. The map ∆ : M ⊗B0 B → M ⊗A0 M is an isomorphism of left
A0-coalgebras, and induces an isomorphism ∆x :Mx ⊗B0 B →Mx ⊗A0 Mx of left
(A0)x-coalgebras, for every x ∈M .
Proof. Since the left A0-module M is generated by Gw(M), a straightforward
calculation shows that ∆ is an isomorphism of coalgebras over A0. Thus we have
the induced isomorphism of (A0)x-coalgebras (M⊗B0 B)x → (M⊗A0 M)x, which
we combine with the isomorphisms (M⊗A0M)x ∼=Mx⊗A0Mx and (M⊗B0B)x ∼=
(A0)x ⊗A0 M ⊗B0 B ∼= Mx ⊗B0 N to obtain ∆x. Alternatively, one can also
describe ∆x as the isomorphism (∆x) associated to the principal (A0)x-B-bimodule
Mx ∼= (A0)x ⊗A0 M. 
We will next describe the grouplike elements of the coalgebraMx⊗B0 N . Since
M is a locally grouplike principal A-B-bimodule, the set G(Mx) freely generates
the left (A0)x-module Mx, for every x ∈ M . Choose any p ∈ G(Mx). Observe
that we have the natural isomorphisms of left (A0)x-modules
Mpx ⊗B0 N
∼=Mpx ⊗(B0)φ(p) (B0)φ(p) ⊗B0 N
∼=Mpx ⊗(B0)φ(p) Nφ(p) .
Since N is locally grouplike as well, it follows that Nφ(p) is a free left (B0)φ(p)-
module with the basis G(Nφ(p)). For any q ∈ G(Nφ(p)) we have the left (A0)x-
module Mpx ⊗(B0)φ(p) N
q
φ(p)
∼= (A0)x(p⊗ q). Therefore the left (A0)x-modules
Mpx ⊗B0 N
∼=Mpx ⊗(B0)φ(p) Nφ(p)
∼=Mpx ⊗(B0)φ(p)
⊕
q∈G(Nφ(p))
N q
φ(p)
∼=
⊕
q∈G(Nφ(p))
(Mpx ⊗(B0)φ(p) N
q
φ(p))
12 J. KALISˇNIK AND J. MRCˇUN
are all free. The explicit base of the free (A0)x-module Mpx ⊗B0 N is the set
Lp = {[p, q] | q ∈ G(Nφ(p))}, where [p, q] denotes the element of M
p
x ⊗B0 N which
corresponds to the element p⊗ q ∈ Mpx ⊗(B0)φ(p) N
q
φ(p) by the above isomorphism.
Lemma 3.4. (i) The coalgebra Mx ⊗B0 N over (A0)x is freely generated by its
grouplike elements G(Mx ⊗B0 N ) = {[p, q] | p ∈ G(Mx), q ∈ G(Nφ(p))}.
(ii) The coalgebra Mx ⊗B0 N is a direct sum
⊕
p∈G(Mx)
Mpx ⊗B0 N of sub-
coalgebras over (A0)x, and each subcoalgebra M
p
x ⊗B0 N is freely generated by its
grouplike elements G(Mpx ⊗B0 N ) = {[p, q] | q ∈ G(Nφ(p))}.
(iii) The coalgebra Mx ⊗A0 Mx is a free left (A0)x-module, generated by its
grouplike elements G(Mx⊗A0Mx) = {p⊗p
′ | p, p′ ∈ G(Mx)} ∼= G(Mx)×G(Mx).
Proof. (i) It is clear thatMx⊗B0N is a free (A0)x-module with the basis L = ∪pLp.
We need to show that G(Mx ⊗B0 N ) = L. Straight from the definition of the
structure maps of the coalgebraMx⊗B0N it follows L ⊂ G(Mx⊗B0N ). To prove
the converse inclusion, choose any u ∈ G(Mx ⊗B0 N ) and write it in the form
u =
∑
p,q apq [p, q] (where p ∈ G(Mx) and q ∈ G(Nφ(p))) for uniquely determined
apq ∈ (A0)x. Then we have
u⊗ u =
∑
p,q,p′,q′
apqap′q′ [p, q]⊗ [p
′, q′]
and
∆(u) =
∑
p,q
apq[p, q]⊗ [p, q] .
Since the element u is grouplike, we have ∆(u) = u ⊗ u and ǫ(u) = 1. Therefore,
by checking the components of ∆(u) and u⊗ u, we see that
a2pq = apq for all p, q ,
(6) apqap′q′ = 0 if p 6= p
′ or q 6= q′ ,
and
(7)
∑
p,q
apq = 1 .
The equation (7) implies that there exist p0 and q0 such that ap0q0 is invertible
in (A0)x. Combining this with the equation (6) we see that apq = 0 if p 6= p0 or
q 6= q0, and that ap0q0 = 1. We conclude that u = [p0, q0] ∈ L. Parts (ii) and (iii)
follow analogously. 
Proposition 3.5. The locally grouplike Hopf algebroids and the locally grouplike
principal bimodules form a subcategory LgHoALGD of the category PrHoALGD∞.
Proof. Let (A,M), (B,N) and (C,N ′) be locally grouplike Hopf algebroids, let
M be a locally grouplike principal A-B-bimodule and let N be a locally grouplike
principal B-C-bimodule. We have to show that the tensor product M⊗B N is
locally grouplike. If we restrict the isomorphism ∆x (Lemma 3.3) to the submodule
Mpx⊗B0B, for some x ∈M and p ∈ G(Mx), we obtain an isomorphismM
p
x⊗B0B
∼=
Mpx⊗A0 Mx ∼=Mx of coalgebras over (A0)x. Indeed, this follows from Lemma 3.4
by considering the explicit basis of both (A0)x-modules. It follows that we have the
isomorphisms of coalgebras over (A0)x
(M⊗B N )x ∼=Mx ⊗B N ∼= (M
p
x ⊗B0 B)⊗B N
∼=Mpx ⊗B0 N .
Since Mpx ⊗B0 N is freely generated by its grouplike elements by Lemma 3.4, so is
(M⊗B N )x. 
The category LgHoALGD will be referred to as the Morita category of locally
grouplike Hopf algebroids.
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4. The principal bundle associated to a locally grouplike principal
bimodule
Let (A,M) and (B,N) be locally grouplike Hopf algebroids and let M be a
locally grouplike principal A-B-bimodule. Denote by G = Gsp(A) and H = Gsp(B)
the spectral e´tale Lie groupoids associated to (A,M) respectively (B,N) [22]. In
particular, we have G0 = M and H0 = N . Recall that there are natural iso-
morphisms of Hopf algebroids C∞c (G)
∼= A and C∞c (H)
∼= B, so we may regard
M as a principal C∞c (G)-C
∞
c (H)-bimodule. In this section we will construct an
associated principal H-bundle P = M∗ over G such that the principal C
∞
c (G)-
C∞c (H)-bimodules C
∞
c (P ) and M are isomorphic.
For the manifold P we take the total space of the spectral sheaf πsp : Esp(M)→
G0 associated to the C∞c (G0)-coalgebra M (see Subsection 3.2),
P = Esp(M) .
Put π = πsp . We also have the associated moment map φ : P → H0 constructed in
Subsection 3.2.
The locally grouplike Hopf algebroid (A,G0) is in particular a coalgebra over
C∞c (G0). Thus we have the associated spectral sheaf πsp(A) : Esp(A) → G0, which
is in fact equal to the target map of the spectral e´tale Lie groupoid t : Gsp(A)→ G0
because (A,G0) is locally grouplike. In particular, we have Esp(A) = Gsp(A) = G,
while GS(Ay) = G(Ay) = t
−1(y) for any y ∈ G0. Recall that an arrow g ∈ G(x, y)
can be represented as g = ay by an element a ∈ GSw(A) normalised on an open
neighbourhood Wa ⊂ G0 of y. Such a pair (Wa, a) induces a diffeomorphism
τWa,a : VWa,a → Wa, defined on an open subset VWa,a ⊂ G0, which is determined
by the property that
(8) u0a = a(u0 ◦ τWa,a)
for any u0 ∈ C∞c (Wa) [22]. We have x = s(ay) = τ
−1
Wa,a
(y). The effect germ
τg = (τWa,a)x of g, which is a germ at x of a diffeomorphism (G0, x) → (G0, y),
depends only on g and not on the choice of a and Wa. The equation (8) may be
rewritten as
((u′0)x ◦ τ
−1
g )g = gu
′
0 ,
for any u′0 ∈ C
∞
c (G0). For another arrow g
′ ∈ G(y, y′), represented as g′ = a′y′ by
a′ ∈ GSw(A) normalised on an open neighbourhood Wa′ ⊂ G0 of y
′, the product
of g′ and g is given by g′g = a′y′ay = (a
′a)y′ . Any function a0 ∈ C∞c (G0) with
(a0)x = 1 represents the identity arrow 1x = (a0)x at x, while a
−1
y = (S(a))x.
4.1. Construction of the actions of G and H on P . Let g ∈ G(x, y), p ∈ P and
h ∈ H(z′, z) be such that π(p) = x and φ(p) = z. Choose a ∈ GSw(A), m ∈ Gw(M)
and b ∈ GSw(B) such that a is normalised on an open neighbourhood Wa ⊂ G0 of
y, m is normalised on an open neighbourhood Wm ⊂ G0 of x and b is normalised
on an open neighbourhood Wb ⊂ H0 of z with g = ay, p = mx and h = bz.
Lemma 4.1. The elements am and mb of M are weakly grouplike and normalised
on Wam = τWa,a(VWa,a ∩Wm) respectively Wmb = π(mWm ∩ φ
−1(Wb)).
Proof. From ∆(a) = a ⊗ a′, ∆(b) = b ⊗ b′ and ∆(m) = m ⊗m′ we get ∆(am) =
∆(a)∆(m) = (a ⊗ a′)(m ⊗ m′) = am ⊗ a′m′ and ∆(mb) = (m ⊗ m′)(b ⊗ b′) =
mb ⊗m′b′. Next, for any y′ ∈ Wam ⊂ Wa and any function u0 ∈ C∞c (Wam) with
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(u0)y′ = 1 we have
ǫ(am)(y′) = u0(y
′)ǫ(am)(y′) = ǫ(u0am)(y
′)
= ǫ(a(u0 ◦ τWa,a)m)(y
′) (by (8))
= ǫ(a(u0 ◦ τWa,a)ǫ(m))(y
′)
= ǫ((u0(ǫ(m) ◦ τ
−1
Wa,a
))a)(y′) (by (8))
= u0(y
′)(ǫ(m) ◦ τ−1Wa,a)(y
′)ǫ(a)(y′)
= ǫ(m)(τ−1Wa,a(y
′))ǫ(a)(y′) = 1 ,
which proves that am is normalised on Wam. Finally, choose any x
′ ∈ Wmb ⊂Wm.
Then φ(mx′) ∈Wb and therefore ǫ(b)(φ(mx′)) = 1. The equation (4) yields
ǫ(mb)(x′) = ǫ(mǫ(b))(x′) = ǫ(b)(φ(mx′)) = 1 ,
so mb is normalised on Wmb. 
Therefore we may define
µ(g, p) = g · p = ay ·mx = (am)y
and
η(p, h) = p · h = mx · bz = (mb)x .
We have to show that this two definitions are independent of the choice of a, m
and b. To this end, observe that the left A-action onM, as a map A⊗A0 M→M,
is a homomorphism of left A0-coalgebras, and induces a homomorphism of left
(A0)y-coalgebras
Ay ⊗A0 M∼= (A⊗A0 M)y →My .
By Lemma 3.4 we know that [g, p] ∈ G(Ay ⊗A0 M), so its image in My is a
grouplike element. A direct computation shows that this image is exactly µ(g, p),
which shows that µ is well defined as a map
µ : G×s,piG0 P → P .
Similarly, the right B-action M⊗B0 B → M on M is a homomorphism of left
A0-coalgebras, and gives a homomorphism of left (A0)x-coalgebras
Mx ⊗B0 B ∼= (M⊗B0 B)x →Mx .
Again by Lemma 3.4 we know that [p, h] ∈ G(Mx ⊗B0 B), so its image in Mx is a
grouplike element, equal to η(p, h). This shows that η is well defined as a map
η : P ×φ,tH0 H → P .
Proposition 4.2. The map µ is a left action of G on P along π.
Proof. Suppose that m ∈ Gw(M) is normalised on an open neighbourhood Wm ⊂
G0 of a point x ∈ M . Let a, a′ ∈ GSw(A) be normalised on open subsets Wa
respectively Wa′ of G0, and let y ∈ Wa and y′ ∈ Wa′ be such that ay is an arrow
from x to y and a′y′ is an arrow from y to y
′.
Straight from the definition of µ it follows π(ay ·mx) = y, thus µ acts along the
map π. Furthermore, we have
(a′y′ay) ·mx = (a
′a)y′ ·mx = (a
′am)y′ = a
′
y′ · (am)y = a
′
y′ · (ay ·mx) .
The unit arrow 1x ∈ G can be represented by a smooth function u0 ∈ C∞c (G0)
satisfying (u0)x = 1, thus
1x ·mx = (u0)x ·mx = (u0m)x = (u0)xmx = mx .
To prove that µ is smooth, first observe that the map w : G×G0 P → G0, given
by w = s ◦ pr1 = π ◦ pr2, is a local diffeomorphism. The neighbourhood W1 =
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aWa ×G0 mWm of the point (ay,mx) ∈ G×G0 P is mapped by w diffeomorphically
onto VWa,a ∩Wm. Furthermore, the neighbourhood W2 = (am)Wam of the point
µ(ay,mx) ∈ P is mapped diffeomorphically onto Wam = τWa,a(VWa,a ∩Wm) by π.
We can locally express the map µ as µ|W1 = (π|W2 )
−1
◦ τWa,a ◦ w|W1 , which shows
that the action is smooth. 
Proposition 4.3. The map η is a right action of H on P along φ.
Proof. Let b, b′ ∈ GSw(B) be normalised on open subsets Wb respectivelyWb′ of H0,
and suppose that z ∈Wb and z′ ∈ Wb′ are such that bz is an arrow from z′ to z and
b′z′ is an arrow from z
′′ to z′. Furthermore, assume that m ∈ Gw(M) is normalised
on an open neighbourhood Wm of a point x in G0 such that φ(mx) = z. Choose
m′ ∈ M with ∆(m) = m⊗m′. Since ǫ(m′v′0)|W = ǫ(mv
′
0)|W and mv
′
0 = ǫ(m
′v′0)m
for any v′0 ∈ C
∞
c (H0), it follows that
v0(φ(mx · bz)) = ǫ(mbv0)(x)
= ǫ(m(v0 ◦ τ
−1
Wb,b
)b)(x)
= ǫ(ǫ(m′(v0 ◦ τ
−1
Wb,b
))mb)(x)
= ǫ(m′(v0 ◦ τ
−1
Wb,b
))(x)ǫ(mb)(x)
= ǫ(m′(v0 ◦ τ
−1
Wb,b
))(x)
= ǫ(m(v0 ◦ τ
−1
Wb,b
))(x)
= (v0 ◦ τ
−1
Wb,b
)(φ(mx))
= v0(z
′)
for arbitrary v0 ∈ C∞c (VWb,b). If φ(mx · bz) and z
′ ∈ VWb,b were different points of
H0, we could choose v0 ∈ C∞c (VWb,b) such that v0(φ(mx · bz)) 6= v0(z
′). The above
calculation thus shows that φ(mx · bz) = z′.
Next we have
(mx · bz) · b
′
z′ = (mb)x · b
′
z′ = (mbb
′)x = mx · (bb
′)z = mx · (bzb
′
z′) .
If we represent the identity arrow 1z by v0 ∈ C∞c (H0) with (v0)z = 1, we get
mx · 1z = mx(v0)z = mxv0 = (v0 ◦ φWm,m)xmx = mx.
Finally, we show that η is smooth. Note that the projection pr1 : P ×H0 H →
P is a local diffeomorphism. The neighbourhood W1 = mWm ×H0 bWb of the
point (mx, bz) ∈ P ×H0 H is mapped by π ◦ pr1 diffeomorphically onto Wmb =
π(mWm ∩ φ
−1(Wb)). Similarly, the neighbourhood W2 = (mb)Wmb of the point
η(mx, bz) ∈ P is mapped by π|W2 diffeomorphically onto Wmb. We can locally
express η as η|W1 = (π|W2 )
−1
◦ (π ◦ pr1)|W1 and conclude that η is smooth. 
4.2. Principalness of P . Finally, we need to show that P constructed above is
indeed a principal H-bundle over G.
Proposition 4.4. The manifold P , with the actions µ and η, is a principal H-
bundle over G.
Proof. Let g ∈ G(x, y), p ∈ P and h ∈ H(z′, z) be such that π(p) = x and φ(p) = z.
Choose a ∈ GSw(A), m ∈ Gw(M), and b ∈ G
S
w(B) such that a is normalised on an
open neighbourhood Wa ⊂ G0 of y, m is normalised on an open neighbourhood
Wm ⊂ G0 of x and b is normalised on an open neighbourhood Wb ⊂ H0 of z with
g = ay, p = mx and h = bz.
(i) Straight from the definition of the action ofH on P it follows that π(mx ·bz) =
π(mx), which proves that H acts along the fibers of the map π. Next, choose
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arbitrary v0 ∈ C∞c (H0) and u0 ∈ C
∞
c (Wa) with (u0)y = 1. Then
v0(φ(ay ·mx)) = ǫ(amv0)(y) = u0(y)ǫ(amv0)(y)
= ǫ(u0aǫ(mv0))(y) = ǫ(a(u0 ◦ τWa,a)ǫ(mv0))(y)
= ǫ(u0(ǫ(mv0) ◦ τ
−1
Wa,a
)a)(y)
= u0(y)(ǫ(mv0) ◦ τ
−1
Wa,a
)(y)ǫ(a)(y)
= ǫ(mv0)(x)ǫ(a)(y) = ǫ(mv0)(x)
= v0(φ(mx)).
The function u0 ∈ C∞c (Wa) was used to ensure that (u0◦τWa,a)ǫ(mv0) ∈ C
∞
c (VWa,a).
Since v0 ∈ C
∞
c (H0) was arbitrary, we conclude that φ(ay ·mx) = φ(mx), which shows
that G acts along the fibers of the map φ.
(ii) Both actions commute as a result of
(ay ·mx) · bz = (am)y · bz = (amb)y = ay · (mb)x = ay · (mx · bz) .
(iii) The map π is surjective because ǫ is surjective. Finally, we have to show that
(pr1, η) : P ×H0 H → P ×G0 P is a diffeomorphism. To see that it is a bijection,
it is sufficient to show that it restricts to a bijection between the corresponding
fibers over any x ∈ G0, that is from
⋃
p∈pi−1(x)({p} × t
−1(φ(p))) ⊂ P ×H0 H to
π−1(x) × π−1(x) ⊂ P ×G0 P . By Lemma 3.3 we know that ∆x : Mx ⊗B0 B →
Mx⊗A0Mx is an isomorphism of coalgebras over (A0)x, so it restricts to a bijection
between G(Mx ⊗B0 B) and G(Mx ⊗A0 Mx). By Lemma 3.4, applied to N = B,
we may identify G(Mx ⊗B0 B) with
⋃
p∈pi−1(x)({p} × t
−1(φ(p))) ⊂ P ×H0 H and
G(Mx ⊗A0 Mx) with G(Mx) × G(Mx) = π
−1(x) × π−1(x). Observe that the
bijection ⋃
p∈pi−1(x)
({p} × t−1(φ(p)))→ π−1(x)× π−1(x)
given by ∆x is in fact of the form (p, h) 7→ (p, p · h), thus equal to the restriction
of (pr1, η) : P ×H0 H → P ×G0 P to the fiber over x. This proves that (pr1, η) :
P ×H0 H → P ×G0 P is a bijection. Furthermore, the map (pr1, η) is a local
diffeomorphism because H is e´tale, and therefore it is a diffeomorphism. 
5. Equivalence of the Morita categories
In this section we state and prove the main result of this paper:
Theorem 5.1. The functor C∞c : EtGPD → LgHoALGD is an equivalence between
the Morita category of e´tale Lie groupoids and the Morita category of locally grou-
plike Hopf algebroids.
Before we give the proof, let us start with two lemmas. Let (A,G0) and (B,H0)
be locally grouplike Hopf algebroids with the associated spectral e´tale groupoids
G respectively H . We denote by M∗ the principal H-bundle P over G associated
to a locally grouplike principal A-B-bimodule M, as in Section 4. Suppose that
θ : M → M′ is a homomorphism of principal A-B-bimodules. In particular, θ :
M → M′ is a homomorphism of coalgebras over A0 = C
∞
c (G0), so we have the
associated map Esp(θ) : Esp(M) → Esp(M′) of spectral sheaves over G0 [21, 23].
We can describe the map Esp(θ) as follows: If a point p ∈ G(Mx) = Esp(M)x is
represented by an element m ∈ Gw(M) normalised at x ∈ G0 (i.e. p = mx), then
θ(m) ∈ Gw(M′) is normalised at x as well and
Esp(θ)(p) = (θ(m))x ∈ G(M
′
x) = Esp(M
′)x .
Since M∗ = Esp(M) and M′∗ = Esp(M
′) as sheaves over M , we shall write θ∗ =
Esp(θ) :M∗ →M′∗.
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Lemma 5.2. The map θ∗ : M∗ → M′∗ is an equivariant map of principal H-
bundles over G.
Proof. Suppose thatm ∈ Gw(M) is normalised at x ∈ G0, a ∈ G
S
w(A) is normalised
at y ∈ G0 and b ∈ GSw(B) is normalised at φ(mx) = z, such that ay ∈ G(x, y)
and bz ∈ H(z′, z). Straight from the definition of θ∗ it follows that π′ ◦ θ∗ = π.
Furthermore, for any v0 ∈ C∞c (H0) we have
v0(φ
′(θ∗(mx))) = ǫ
′(θ(m)v0)(x) = ǫ
′(θ(mv0))(x) = ǫ(mv0)(x) = v0(φ(mx)) ,
which shows that φ′ ◦ θ∗ = φ. Next, the equalities
θ∗(ay ·mx) = θ∗((am)y) = θ(am)y = (aθ(m))y = ay · θ(m)x = ay · θ∗(mx)
and
θ∗(mx · bz) = θ∗((mb)x) = θ(mb)x = (θ(m)b)x = θ(m)x · bz = θ∗(mx) · bz
show that θ∗ is equivariant. 
For any principal H-bundle P over G there is a natural isomorphism Φ : P →
Esp(C∞c (P )) = C
∞
c (P )∗ of sheaves over G0 [21, 23], given by
Φ(p) = fpi(p) ,
where f ∈ Gw(C∞c (P )) with fp = 1. With respect to the natural isomorphisms
G ∼= Gsp(C
∞
c (G)) and H
∼= Gsp(C
∞
c (H)), given by the same formula as Φ, we may
regard C∞c (P )∗ as a principal H-bundle over G.
Lemma 5.3. The map Φ: P → C∞c (P )∗ is an isomorphism of principal H-bundles
over G.
Proof. Let g ∈ G(x, y), h ∈ H(z′, z) and p ∈ P with π(p) = x and φ(p) =
z. Suppose that u ∈ GSw(C
∞
c (G)), v ∈ G
S
w(C
∞
c (H)) and f ∈ Gw(C
∞
c (P )) sat-
isfy ug = 1, vh = 1 and fp = 1. For any v0 ∈ C∞c (H0) we have (fv0)(p) =
f(p)v0(φ(p)) = v0(φ(p)), by the equation (3). Since fv0 ∈ Gw(C∞c (P )) we have
(fv0)(p) = ǫ(fv0)(π(p)) and hence
v0(φ(p)) = ǫ(fv0)(π(p)) = v0(φ(fpi(p))) = v0(φ(Φ(p))) ,
which shows that φ ◦ Φ = φ.
By Lemma 4.1 we have uf ∈ Gw(C∞c (P )), fv ∈ Gw(C
∞
c (P )), ǫ(uf)y = 1 and
ǫ(fv)x = 1. Furthermore, we have the equalities (uf)g·p = 1 respectively (fv)p·h =
1 (by the equations (2) and (3)), so
Φ(g · p) = (uf)y = uy · fx = g · Φ(p)
and
Φ(p · h) = (fv)x = fx · vz = Φ(p) · h ,
which shows that Φ is equivariant. 
Proof of Theorem 5.1. (i) Any locally grouplike Hopf algebroid (A,M) is isomor-
phic to the locally grouplike Hopf algebroid (C∞c (Gsp(A)),M) [22], so C
∞
c is essen-
tially surjective.
(ii) Let G andH be e´tale Lie groupoids and letM be a locally grouplike principal
C∞c (G)-C
∞
c (H)-bimodule. The map Ψ: C
∞
c (M∗)→M, given by
Ψ(
k∑
i=1
fi ◦ π|(mi)Wmi
) =
k∑
i=1
fimi ,
is an isomorphism of coalgebras over C∞c (G0) ([21, Theorem 2.5], see also [23]),
where mi ∈ Gw(M), Wmi is an open subset of G0 such that mi is normalised on
Wmi and fi ∈ C
∞
c (Wmi ), for any i = 1, . . . , k.
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We will show that Ψ(uf) = uΨ(f) and Ψ(fv) = Ψ(f)v for any u ∈ C∞c (G),
f ∈ C∞c (M∗) and v ∈ C
∞
c (H). We can assume that f = f0 ◦ π|U , where U =
mWm for some m ∈ Gw(M) normalized on an open subset Wm ⊂ G0 and f0 ∈
C∞c (Wm). Furthermore, we may assume that u = u0 ◦ t|U ′u and v = v0 ◦ t|U ′v , where
U ′u ⊂ G respectively U
′
v ⊂ H are bisections, u0 ∈ C
∞
c (t(U
′
u)) and v0 ∈ C
∞
c (t(U
′
v)).
Choose elements a ∈ C∞c (U
′
u) ⊂ G
S
w(C
∞
c (G)), normalised on an open neighbourhood
Wa ⊂ t(U ′u) of supp(u0), and b ∈ C
∞
c (U
′
v) ⊂ G
S
w(C
∞
c (H)), normalised on an open
neighbourhood Wb ⊂ t(U ′v) of supp(v0). Write Uu = t
−1(Wa) ∩ U ′u and Uv =
t−1(Wb) ∩ U ′v. By the equations (2) and (3) we get
uf = (u0(f0 ◦ τ
−1
Wa,a
)) ◦ π|µ(Uu×G0U)
and
fv = (f0(v0 ◦ φWm,m)) ◦ π|η(U×H0Uv) .
Denote Wam = τWa,a(VWa,a ∩Wm) and Wmb = π(mWm ∩ φ
−1(Wb)). The elements
am,mb ∈ Gw(M) are, by Lemma 4.1, normalised on the supports of the functions
u0(f0 ◦ τ
−1
Wa,a
) ∈ C∞c (Wam) respectively f0(v0 ◦ φWm,m) ∈ C
∞
c (Wmb). Moreover,
µ(Uu ×G0 U) = (am)Wam and η(U ×H0 Uv) = (mb)Wmb , which implies
Ψ(uf) = u0(f0 ◦ τ
−1
Wa,a
)am
and
Ψ(fv) = f0(v0 ◦ φWm,m)mb .
On the other hand we have uΨ(f) = uf0m = u0af0m = u0(f0 ◦ τ
−1
Wa,a
)am respec-
tively Ψ(f)v = f0mv = f0mv0b = f0(v0 ◦ φWm,m)mb, which shows that Ψ is an
isomorphism of locally grouplike principal bimodules. This proves that the functor
C∞c is full.
(iii) Finally, we show that C∞c is faithful. Choose principal H-bundles P and P
′
over G, and suppose that there exists an isomorphism θ : C∞c (P ) → C
∞
c (P
′) of lo-
cally grouplike principal C∞c (G)-C
∞
c (H)-bimodules. The principal bundles C
∞
c (P )∗
and C∞c (P
′)∗ are isomorphic by Lemma 5.2, so P and P
′ are isomorphic as well
by Lemma 5.3 and therefore represent the same morphism from G to H in the
category EtGPD. 
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